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REVIEW OF ALGEBRA

k‘ Review of Algebra

Here we review the basic rules and procedures of algebra that you need to know in
order to be successful in calculus.

P\ Arithmetic Operations

The real numbers have the following properties:

at+b=b+a ab = ba (Commutative Law)
(@a+b)+c=a+((b+c (abc=albc) (Associative Law)
ab+c)=ab+ ac (Distributive law)

In particular, putting a = —1 in the Distributive Law, we get
—(b+c)=(-Db+c)=(-Db+ (-1)c

and so

—(b+c=-b-c

EXAMPLE 1

(8 (Bxy)(—4x) = 3(—4)x’y = —12x%y

(b) 2t(7x + 2tx — 11) = 14tx + 4t — 22t
(c)4—-3(x—2=4—-3x+6=10— 3x

If we use the Distributive Law three times, we get

(a+b(c+d =(@+bjc+ (a+ bd=ac+ bc+ ad + bd

This says that we multiply two factors by multiplying each term in one factor by each
term in the other factor and adding the products. Schematically, we have

A~ \
(a+ b)c+ d)
X
In the case wherec = aand d = b, we have

(@a+b2=a?+ba+ab+ b?
or

(@+ b)?=a?+ 2ab + b?

Similarly, we obtain

(a— b)? = a® — 2ab + b?
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EXAMPLE 2

(@ 2x+1)(Bx—5 =6x>+3x—10x—5=6x2—7x—5

(b) (x+ 6)>= x>+ 12x + 36

(© 3x—1DMA@x+3) —2(x+6)=3(4x>—x—3) —2x— 12
=12x* - 3x— 9 —2x — 12
= 12x*> — 5x — 21 i

PN\ Fractions

To add two fractions with the same denominator, we use the Distributive Law:

34—£—£><a+£><c——(a+)—EthC
b b b b b b
Thus, it is true that
a+c=3+£
b b b

But remember to avoid the following common error:

a a a
_+_
b+c%b c

(For instance, takea = b = ¢ = 1 to see the error.)
To add two fractions with different denominators, we use a common denominator:

a,c_ ad + bc
b d bd
We multiply such fractions as follows:
ac_za
b d bd
In particular, it is true that
—a__a_ 2
b -b
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EXAMPLE 3
@223 _x,3 4.3
X X X
) 3 L X :3(x+2)+x(x—1)=3x+6+x2—x
XxX—1 x+2 X— 1+ 2 X2+x—2
XX+ 2x+ 6
x4 x—2
stout  stu o st?
OV =2 2
X,q XY ,
(d)y _ Y =x+y>< X =x(ery):x + Xy
-y Xx=y y X—y yx-—y xy-y?
X X
PN\ Factoring

We have used the Distributive Law to expand certain algebraic expressions. We some-
times need to reverse this process (again using the Distributive Law) by factoring an
expression as a product of ssimpler ones. The easiest situation occurs when the expres-
sion has a common factor as follows:

Expanding ——>

3x(x — 2) = 3x>— 6x

Factoring

To factor a quadratic of the form x? + bx + ¢ we note that
X+nNXx+9=x2+(+9x+rs

so we need to choose numbersr andssothatr + s=bandrs = c.

EXAMPLE 4 Factor x? + 5x — 24.

SOLUTION The two integers that add to give 5 and multiply to give —24 are —3 and 8.
Therefore

X2+ 5x—24=(x— 3)(x + 8)

EXAMPLE 5 Factor 2x? — 7x — 4.

SOLUTION Even though the coefficient of x2 is not 1, we can still look for factors of the
form 2x + r and X + s, wherers = —4. Experimentation reveals that

22— 7x—4=02x+ D(x— 4

Some special quadratics can be factored by using Equations 1 or 2 (from right to
left) or by using the formula for a difference of squares:

a?—b>=(a—b)a+b)
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The analogous formula for a difference of cubesis

a®—b®=(a— b)a®+ ab + b?

which you can verify by expanding the right side. For a sum of cubes we have

a’+ b®=(a+ b)a®— ab + b?
EXAMPLE 6
(@ x*—6x+9=(x—3)? (Equation 2; a = x, b = 3)
(b) 4x*> — 25 = (2x — 5)(2x + 5) (Equation 3; a = 2x, b = 5)

© X®*+8=(xX+2)(x*—2x+ 4) (Equation 5; a = x, b = 2)

x? — 16
EXAMPLE 7 Simplify —————.
Py e ox— 8
SOLUTION Factoring numerator and denominator, we have
X*—16  (x—4(x+4 x+4
xX>—2x—8 (xX—4H(x+2 x+2

To factor polynomials of degree 3 or more, we sometimes use the following fact.

[6] The Factor Theorem If P isapolynomia and P(b) = 0, then x — bisafactor
of P(x).

EXAMPLE 8 Factor x® — 3x? — 10x + 24.

SOLUTION Let P(x) = x® — 3x? — 10x + 24. If P(b) = 0, where b is an integer, then
b isafactor of 24. Thus, the possibilitiesfor bare +1, =2, +3, =4, £6, =8, 12,
and +=24. We find that P(1) = 12, P(—1) = 30, P(2) = 0. By the Factor Theorem,
x — 2isafactor. Instead of substituting further, we use long division as follows:

x2— x —12
X — 2)x3 — 3x2 — 10x + 24
x3 — 2x2
—x2 — 10x
—x2 4+ 2x
— 12x + 24
— 12x + 24
Therefore x3—3x2—10x + 24 = (x — 2(x* — x — 12)

=(X—2)(x+ 3)(x— 4 i

P\ completing the Square

Completing the square is a useful technique for graphing parabolas or integrating
rational functions. Completing the square means rewriting a quadratic ax? + bx + ¢
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in the form a(x + p)®> + q and can be accomplished by:

1. Factoring the number a from the terms involving x.
2. Adding and subtracting the square of half the coefficient of x.

In general, we have

b
ax2+bx+c=a[x2+§x]+c

e (3]

I
)

EXAMPLE 9 Rewrite x? + x + 1 by completing the square.

SOLUTION The square of half the coefficient of x is ;. Thus
Xt x+1l=x2+x+i—F+1=x+3)+2
EXAMPLE 10
22— 12x+ 11 =2[x* —6x] + 11 =2[x* —6x + 9 — 9] + 11
—2(x—32—-9]+11=2(x—32—7

P\ Quadratic Formula

By completing the square as above we can obtain the following formula for the roots
of a quadratic equation.

The Quadratic Formula  The roots of the quadratic equation ax? + bx + ¢ =0
are
—b = /b? — 4ac
2a

X:

EXAMPLE 11 Solve the equation 5x2 + 3x — 3 = 0.
SOLUTION Witha = 5, b = 3, ¢ = —3, the quadratic formula gives the solutions

‘= -3+ /Z—4(5)(-3) -3+,69

2(5) 10

The quantity b? — 4ac that appears in the quadratic formula is caled the
discriminant. There are three possibilities:
1. If b? — 4ac > 0, the equation has two real roots.

2. If b> — 4ac = 0, the roots are equal.
3. If b> — 4ac < 0, the equation has no real root. (The roots are complex.)
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k : Answers

1. —3a%c 2. 2x%® 3. 2x*—10x 4. 4x — 3x?
5, -8+6a 6.4—x 7. —x*+6x+3
8. —3t2+ 21t — 22 9. 12x2+ 25x — 7

10. X2+ x2—2x 1. 4x*—4x+1

12. 9x2 + 12x + 4 13. 30y* + y® — y°©

14. —15t2 — 56t + 31 15 2x3 = 5x2 — x + 1

16, x*—2x3*—x2+ 2x+ 1 17. 1 + 4x 18. 3-2/b

33X+ 7 2X uz+3u+1
19. 20. 21, ——
x2+ 2x — 15 u+1

2b? — 3ab + 4a? X zX rs
22, ——————— 23. — 24, — 25. —
a’h? yz y 3t

a? c 3+ 2x
b2 21 c—-2 2+ x

30. ab(5 — 8c) 3. (x+ 6)(x+ 1) 32. (x—=3)(x+ 2
33. (x—4)(x+ 2) 34, 2x — D(x + 4)

35 9(x — 2)(x + 2 36. (4x + 3)(2x + 1)

37. (3x + 2)(2x — 3) 38. (x + 5)?

3. (t+ D2 —t+ 1) 40. (2t — 3s)(2t + 39)

41. (2t — 3)? 42. (x— 3)(x2+ 3x+9)

43. x(x + 1)2 4. (x — DAx — 2)

45 (x— D(x+ DH(x+ 3 46. (x — 3)(x + 5)(x — 4)
47. (x — 2)(x + 3)(x + 4) 48. (x — 2)(x — 3)(x + 2

26.

29. 2x(1 + 6x?

19 X+ 2 2x+ 1 Xx+1 X(X + 2)
" x—2 X+ 2 "x—8 X—4
53 X—2 e X2 —6x—4
"x2-9 X=X+ 2(x— 4

55. (x + 12 + 4 57 (x — 3+ 2
o (x -

60. 3(x — 4)? + 2

56. (x — 8)° + 16
59. (2x + 1)> — 3
61. 1, —10 62. —2,4

63.

69.
71.

76.

8l

90.

99.

103.

105.

107.

109.
13.

.8 78 —1%

. aid 87. — 88

-9+ ./ -5+ /1
u 64. 1 + 2\/2 65. g
2 6
7+ / 1 +
7_733 67. 1’1;\/5 68. —1, —1 =+ \/é
4 2
Irreducible 70. Not irreducible

Not irreducible (two real roots) 72. Irreducible

. a® + 6a’h + 15a%*b? + 20a°h® + 15a%h* + 6ab® + b®
. a’ + 7a’ + 21a%b? + 35a%b® + 35a°b*

+ 21a%® + 7ab® + b’

OxB—4xS+ 6xt—4x2+ 1

243 + 405x% + 270x* + 90x® + 15x® + x¥°
79. 2|x|  80. x|y
82. 2a 83. 3% 84. 2%

2 + 2 1
a Xty g 1

b Xy V3
25/3 9125 92z 93 22|x[y°

3
1
%. y** % a¥ o t%F W i

4a%./b 85. 16x°

X
yg/szs
e /2 1 -1
———  100. r" 101, ——— 102. ———
sy JXx+ 3 X+ x
X%+ 4x + 16 2

xx+8 P Brh-vzon
3+VE e XY
2 X—y
3x+4 108. 2x
X2+ 3X + 4+ X VX2 H X+ /X2 = x
False 110. False 111. True 112. Fase
False 14. Fase 15. False  116. True




