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Boundary conditions and trajectories of diffusion processes
Mark F. Schumakera)

Department of Mathematics, Washington State University, Pullman, Washington 99164-3113

~Received 4 February 2002; accepted 20 May 2002!

This article constructs trajectories associated with various boundary conditions for the
Smoluchowski equation on an interval. Single-particle diffusion processes are first constructed by
taking the diffusion limits of random walks. The diffusion limit gives both boundary conditions
which enforce the single-particle constraint and properties of underlying trajectories at those
boundaries. Mean-field diffusions are then obtained as limits of sums of single-particle processes.
The results help to interpret the application of diffusion models to both ion channels and wider pores
that facilitate molecular transport across membranes. Potential applications to Brownian dynamics
simulations are discussed. ©2002 American Institute of Physics.@DOI: 10.1063/1.1492802#
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I. INTRODUCTION

A traditional approach to the ion channel open pore p
meation problem is based on the classical theory of Go
man, Hodgkin, and Katz~GHK theory!.1 Mathematically,
this involves the solution of the Smoluchowski equation
the concentration of a diffusing particle on an interval, w
boundary conditions specifying that the concentration of
particle at either end is proportional to its concentration
the bulk solutions outside the channel. What is the geom
of the trajectories associated with these boundary conditio
How do the trajectories change when the boundary co
tions are modified? A stochastic theory has not been av
able to answer these questions.2 This article constructs tra
jectories associated with four different boundary conditio
for the Smoluchowski equation, including those used
GHK theory.

The results help interpret the application of both GH
theory and the more modern Poisson–Nernst–Planck~PNP!
theory to ion channels. The latter approach simultaneou
solves the Nernst–Planck equation~the first integral of the
Smoluchowski equation! with Poisson’s equation for the
electrostatic field. GHK and PNP theories are applied to
analysis of K1 permeation through a synthetic ion chann
by Refs. 3 and 4, respectively. In Ref. 4, the boundary c
ditions on the Nernst–Planck equation are similar to thos
GHK theory.

The pores of narrow ion channels such as gramicidin1 or
potassium channels5 have atomic dimensions and their io
occupancy states are strongly constrained. The applicab
of mean-field theories such as GHK or PNP to these syst
has recently been challenged.6,7 This underlines the signifi-
cance of the single-particle~or single-ion! diffusion theory
constructed by Levitt,8 which is not a mean-field theory. Lev
itt’s theory describes diffusion in a simplified configuratio
space of the channel system, analogous to rate theories o
permeation.9 This approach has been generalized to const
framework models of permeation — stochastic models
signed to incorporate the results of molecular dynam

a!Electronic mail: schumaker@wsu.edu
2460021-9606/2002/117(6)/2469/5/$19.00
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simulations.10,11 This article uses the single-particle theor
as formulated by Ref. 9, to construct the trajectories ass
ated with various boundary conditions, including those
GHK theory.

The results are also applicable to transport through wi
pores such as bacterial porins, mitochondrial channels or
junctions. In these systems, diffusion models may be use
analyze the transport of larger molecules by means of t
transient occlusion of ion currents.12 An analysis based on
diffusion equations remains appropriate, as diffusion co
pletely dominates convective flow at reasonable transm
brane pressure differences for pore radii of 1 nm or less.

II. RESULTS

Let x be the coordinate parallel to the pore axis of
channel, occupying the interval@0,L# as sketched in Fig.
1~A!. To construct a theory of single-particle diffusio
through the channel we first consider a discrete-tim
discrete-state random walk on sitesxi5 iL /n, i 51•••n with
transition probability from sitei to neighboring sitej 11

ki j 5Dt
D

~Dx!2
expH 1

2
b@W~xi !2W~xj !#J . ~1!

This elegant form is a suggestion of Roux.13 D is a diffusion
coefficient andDx5L/n is the interval between the sites
where a diffusion will be constructed on 0<x<L. W(x) is a
potential of mean force, which is identical to the Helmho
free energy,14 andb51/kBT. The random walk satisfies de
tailed balance at thermodynamic equilibrium. At any stea
state, the net probability flux into sitei is zero:

Pi~ki ,i 211ki ,i 11!5Pi 21ki 21,i1Pi 11ki 11,i , ~2!

wherePi is the probability the walker is atxi . The diffusion
limit corresponds ton→`. The time stepDt is scaledDt
5Dt/n2, whereDt is independent ofn. This scaling keeps
transition probabilities bounded on taking the limit.Dt can
then be chosen so that the probability of movement ne
exceeds one. Assuming the channel has cross-sectionA, the
relationship between probability and concentration isPi

5CiADx. Expand the right-hand side of Eq.~1! in powers
9 © 2002 American Institute of Physics
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of 1/n, insert the result into Eq.~2!, recognize finite differ-
ence approximations for derivatives and take the limitn
→` to obtain the steady state Smoluchowski equation:

05
d2C

dx2
1

d

dx
bW8~x!C~x!. ~3!

For simplicity, A and D have been assumed constant. T
Smoluchowski equation may be integrated once to give
Nernst–Planck equation

J52DAFdC

dx
1bW8~x!CG , ~4!

whereJ is probability flux. This is where continuum mode
of ion permeation often begin.1

The point of the random walk construction is to obta
boundary conditions for the Smoluchowski equation t
give single-particle diffusion. Introduce the empty stateE to
give the state diagram of Fig. 1~B!. Transition probabilities
to and from the empty state are defined by9

kE15Dt CIADL21k I
21eb[C I2W(0)], ~5!

k1E5Dt DL22nk I
21 , ~6!

kEn5Dt CII ADL21k II
21e2bW(L), ~7!

knE5Dt DL22nk II
21 . ~8!

C I is the applied electrical potential on side I of the chan
and the potential on side II is taken to be zero by convent
CI andCII are bulk concentrations of permeant particles
side I and side II of the channel, respectively, andk I andk II

are dimensionless constants. Dwell times in the empty s
follow a geometric distribution. Assuming that the system
in the empty state at timet50, the probability that the sys
tem remains in the empty state afters time steps is (1
2(kE11kEn))

s. Write the elapsed time in the empty statet
5sDt and take the limitn→`, or equivalentlyDt→0. The
geometric distribution converges to an exponential distri
tion with mean time in the empty state

FIG. 1. ~A! Sketch of a channel in a biological membrane.x is the coordi-
nate parallel to the pore axis. The pore occupies the interval 0<x<L. ~B!
State diagram of the random walk used to construct a single-particle d
sion.~C! State diagram for a single-particle diffusion process with expon
tial boundary conditions.
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t̄ 5Dt/~kE11kEn!. ~9!

Rates of transitions into sides I and II of the channel
controlled byk I andk II .

Boundary conditions of the Smoluchowski equation c
responding to these exponentially distributed dwells are
tained by balancing flux into and out of sites 1 andn of the
random walk. This gives

P1~k1E1k12!5P2k211PEkE1 , ~10!

and a similar equation on side II. Insert definitions for tra
sition probabilities, take the limitn→`, and use Eq.~4! to
obtain the boundary conditions:

C~0!5PEeb[C I2W(0)]CI2k IL~AD!21J, ~11!

C~L !5PEe2bW(L)CII 1k II L~AD!21J. ~12!

To solve the Smoluchowski equation, multiply Eq.~4!
by an integrating factor and integrate to get

LJh~x!52DA@C~x!ebW(x)2C~0!ebW(0)#, ~13!

where

h~x!5L21E
0

x

ebW(x8)dx8. ~14!

Setx5L and simplify the right-hand side of Eq.~13! using
the boundary conditions to obtain the solution9

Jexp~CI ,CII !5~AD/L !PE~CIe
bC I2CII !R

21, ~15!

R5h~L !1k Ie
bW(0)1k II e

bW(L). ~16!

The probability of the empty state is obtained from

PE512E
0

L

AC~x!dx, ~17!

where the concentrationC(x) of diffusers in the pore is first
obtained by substituting Eq.~11! into Eq.~13!. Then Eq.~17!
gives

PE5~11F !21, ~18!

whereF5FEq1FNE and

FEq5ACIe
bC IE

0

L

e2bW(x)dx, ~19!

FNE5AR21~CII 2CIe
bC I !E

0

L

~h~x!

1k Ie
bW(0)!e2bW(x)dx. ~20!

At equilibrium C I is given by the Nernst Eq.1 and F
5FEq .

The subscript onJ in Eq. ~15! emphasizes that this
single-particle process has exponentially distributed dw
times in the empty state. We refer to these asexponential
boundary conditions. The domain of this diffusion process
the state diagram shown in Fig. 1~C!. Figure 2~A! shows a
simulation of a diffusion process with exponential bounda
conditions generated by iterating the random walk on
state diagram of Fig. 1~B!.
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Physically, dwell times in the empty state will be distri
uted exponentially if the probability of entrance does n
depend on the time that has elapsed since a particle las
ited the channel.15 This will be a good approximation whe
the mean time between entrances is much longer than
time scale associated with channel relaxation after a par
exits, a condition that will be satisfied at sufficiently lo
permeant particle concentrations in the bulk solutions. T
complicated dynamics of the particle entrance process
determine only the mean time before entrance. Note that
exponential distribution refers to entrances associated
distinct particles. It does not capture the highly correlat
motions of a single particle which may cross an arbitra
threshold several times in the process of entering a pore.
exponential distribution of distinct arrivals by noninteracti
diffusers has been rigorously established.16

Now consider a channel subject tom independent single
particle processes of the type described above, each
bulk concentrationsCI /m and CII /m. Letting m→`, par-
ticle entrances into the channel are described by a Poi
process. Entrances occur with exponentially distributed w
ing times, but regardless of the occupation state of the ch
nel. We refer to these as Poisson boundary conditions. F
Eqs.~18!–~20!, PE→1 asCI /m, CII /m→0. From Eq.~15,!
the flux is then given by

JPoi~CI ,CII !5 lim
m→`

mJexp~CI /m,CII /m! ~21!

5~AD/L !~CIe
bC I2CII !R

21 . ~22!

The last expression is also the solution of the Smoluchow
equation with the boundary conditions obtained by replac
PE→1 in Eqs.~11! and ~12!.

A special case of Poisson boundary conditions is
tained by extending the domain of the Nernst–Planck eq
tion to (2`,`), where the intervals (2`,2a) and (L
1a,`) correspond to bulk regions on either side of t
membrane.8 Hemispherical endcaps of radiusa on either side
of the pore mediate a transition to spherical symmetry.
suming W(x)5C I for x<0 and W(x)50 for x>L, and
performing integrals over the bulk regions assuming sph
cal symmetry, one obtains the fluxJ in the form of Eqs.~15!
and ~16! with PE51 and k I5k II 5A/(2paL), where we
have assumed that the diffusion coefficients of the perme
particle have the same value in the channel and the b
This example illustrates the correspondence of the terms
portional tok I andk II to the resistance offered by the bu
solution to the current flow.

In general, the denominatorR in Eqs.~15! and~16! may
be interpreted as the sum of three dimensionless series r
tances. Terms proportional tok I andk II correspond to acces
resistances of the bulk solutions, and the term proportiona
h(L) corresponds to the resistance of the channel. Fig
2~B! shows a simulation of a diffusion process with Poiss
boundary conditions.

The interpretation ofk I andk II as corresponding to ac
cess resistance is interesting in connection with the radia
boundary conditions used to compute the spectral densit
ion conduction noise associated with the escape of la
Downloaded 25 Jul 2002 to 134.121.45.168. Redistribution subject to A
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diffusing molecules from channels.17 Set W850 in Eq. ~4!
andCI5CII 50 in Eqs.~11! and ~12! to obtain

C~0!5k ILdC/dx, ~23!

C~L !52k II LdC/dx. ~24!

Nonzero values ofk I andk II corresponding to access resi
tance refer to trajectories outside the pore. Molecules that
well separated from the pore do not occlude ion curren
Thus, appropriate values ofk I andk II must refer to compo-
nents of escaping trajectories in the immediate vicinity of
pore.

To continue the construction of trajectories associa
with boundary conditions, consider the single-particle diff
sion process obtained from the random walk construction
using the entry and exit rateskE18 5nkE1 , k1E8 5nk1E , kEn8
5nkEn andknE8 5nknE instead of those defined by Eqs.~5!–
~8!. Instead of the Eqs.~11! and~12!, one obtains the bound
ary conditions

C~0!5PEeb[C I2W(0)]CI , ~25!

C~L !5PEe2bW(L)CII ~26!

which were originally proposed by Levitt,8 and we refer to
these as Levitt boundary conditions. The corresponding
is

JLev~CI ,CII !5ADL21PE~CIe
bC I2CII !h~L !21. ~27!

Terms in the denominator proportional tok I and k II and
modeling access resistance are not present. The mean tim
the empty state of the random walk is now

t̄ 5Dt/~kE18 1kEn8 !}n21, ~28!

FIG. 2. Diffusing particle trajectories through a channel with various bou
ary conditions. Parameters model K1 transport through a synthetic ion chan
nel ~Ref. 3!. The pore lengthL534 Å; the ordinate shows the pore extende
over the interval@2L/2,L/2#. The cross sectionA5pr 2 with radius r
56.5 Å, diffusion coefficientD50.2 Å2/ps and capture radiusa54 Å. For
simplicity, W5C I50. CI5CII 51M. Trajectories are simulated on the sta
diagram of Fig. 1~B! usingn569 sites.~A! Exponential boundary condi-

tions. The simulations usek I5k II 5A/(2paL) giving t̄ 5165 ps.~B! Pois-

son boundary conditions.t̄ 5165 ps. Boundary conditions are simulate
usingm540 processes with exponential boundary conditions scaled acc
ing to the right-hand side of Eq.~21!. ~C! Levitt boundary conditions.~D!
Goldman–Hodgkin–Katz boundary conditions simulated usingm540 pro-
cesses with Levitt boundaries.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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and t̄→0 asn→`. However,PE is given by Eqs.~18!–~20!
with k I5k II 50 and remains positive. Figure 2~C! shows a
simulation. The empty state is associated with a density
transitions to and from the boundaries of the pore.

Finally considerm independent processes with Lev
boundary conditions, each with bulk concentrationsCI /m
andCII /m. Taking the limitm→` obtains the flux

JGHK~CI ,CII !5 lim
m→`

mJLev~CI /m,CII /m! ~29!

5ADL21~CIe
bC I2CII !h~L !21. ~30!

JGHK is the solution of the Nernst–Planck equation w
boundary conditions specifying thatC(0) andC(L) are pro-
portional to the bulk concentrations at their respective si
of the channel@Eqs.~25! and~26! with PE→1]. This is the
case of the traditional Goldman–Hodgkin–Katz theory
ion permeation1 and we refer to these as GHK bounda
conditions. Figure 2~D! shows an example of particle traje
tories. As with Levitt boundary conditions,t̄ 50.

In the construction of the process with Poisson~or GHK!
boundary conditions as a limit of processes with exponen
~or Levitt! boundary conditions, each of the latter proces
is associated with bulk permeant particle concentrati
CI /m andCII /m. The probability that the pore of a proce
with exponential boundary conditions is not occupied has
form PE5(11F/m)21, whereF is independent ofm. The
probability thatm such processes each have an unoccup
pore is (11F/m)2m. Taking the limitm→`, we obtain the
probability that the pore with Poisson boundary conditions
not occupied

Q05 lim
m→`

PE~CI /m,CII /m!m5e2F. ~31!

The probability that the pore with Poisson boundary con
tions is occupied byd diffusers is

Qd5 lim
m→`

~d
m!~12PE!dPE

m2d5~Fd/d! !e2F. ~32!

Note that

(
d50

`

Qd5e2F (
d50

`

Fd/d! 51. ~33!

At equilibrium, F5FEq and these expressions agree w
statistical mechanics.

III. SUMMARY AND DISCUSSION

This article has constructed trajectories associated w
four different boundary conditions for the Smoluchows
equation on the interval. Levitt and exponential bound
conditions model single-particle diffusions, or, more gen
ally, diffusions in which the occupation number of particl
in an interval can change by only one. Levitt boundary co
ditions are obtained by scaling the random walk transit
probability from the pore to the empty state diffusively,
n2. They are appropriate when access resistance is neglig
— for example, when modeling diffusive transport betwe
the ends of a single-particle interval and an immediately
jacent region.18 Exponential boundary conditions are o
Downloaded 25 Jul 2002 to 134.121.45.168. Redistribution subject to A
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tained by scaling the transition probabilities between
pore and empty state with one less power ofn than for Levitt
boundaries. Trajectories enter the pore with exponenti
distributed waiting times at either end of the interval, and
mean time before entrance at a given end models ac
resistance between that end and a separated bath. GHK
Poisson boundary conditions model mean-field diffusio
and should be used only when the assumption of indepen
trajectories within a pore is reasonable. Particle transiti
between the interval and the empty state are similar to th
of Levitt and exponential boundaries, respectively, but ta
place regardless of occupation number. GHK boundaries
then appropriate when access resistance is negligible. P
son boundaries model access resistance and could be us
incorporate this into one dimensional PNP models.

Brownian dynamics simulations of ion permeation su
gest that the mean-field approximation breaks down w
the pore radius is less than a debye length,6,7 a condition that
holds for most biological ion channels. However, the rand
walks used to construct the boundary conditions can th
selves be viewed as discrete-time Brownian dynamics si
lations on a one dimensional lattice. Rules for interactio
between random walkers could be included to obtain al
rithms reminescent of one dimensional Brownian dynam
simulations of ion permeation through gramicidin19 and po-
tassium channels.20 The four cases of boundary condition
described above would correspond to different rules for
troducing or removing walkers at the endmost lattice site

These endmost sites bear some resemblance to b
zones used in three dimensional simulations of ion perm
ation through OmpF porin.21,22 In those zones, Monte Carlo
moves based on the grand canonical ensemble were us
introduce and remove ions. This treatment assumes tha
concentrations in the physical system are close to thermo
namic equilibrium at the location of the buffer zones in t
simulations. This assumption appears to be well justified
der the conditions of the porin simulations, which achiev
very good agreement with experiment. However, the Gra
Canonical Monte Carlo boundary conditions might under
timate access resistance in other cases. If the one dim
sional random walk construction presented above could
generalized to provide boundary conditions for three dim
sional regions, the generalization would also provide alter
tive rules for introducing and removing ions, directly in
corporating access resistance, in Brownian dynamics sim
tions.
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