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Boundary conditions and trajectories of diffusion processes

Mark F. Schumaker®
Department of Mathematics, Washington State University, Pullman, Washington 99164-3113

(Received 4 February 2002; accepted 20 May 2002

This article constructs trajectories associated with various boundary conditions for the
Smoluchowski equation on an interval. Single-particle diffusion processes are first constructed by
taking the diffusion limits of random walks. The diffusion limit gives both boundary conditions
which enforce the single-particle constraint and properties of underlying trajectories at those
boundaries. Mean-field diffusions are then obtained as limits of sums of single-particle processes.
The results help to interpret the application of diffusion models to both ion channels and wider pores
that facilitate molecular transport across membranes. Potential applications to Brownian dynamics
simulations are discussed. @002 American Institute of Physic§DOI: 10.1063/1.1492802

I. INTRODUCTION simulationst®!! This article uses the single-particle theory,
. . as formulated by Ref. 9, to construct the trajectories associ-
A traditional approach to the ion channel open pore perateq with various boundary conditions, including those of
meation problem is based on the classical theory of GoldgHk theory.
man, Hodgkin, and KatZGHK theory." Mathematically, The results are also applicable to transport through wider
this involves the solution of the Smoluchowski equation forpgres such as bacterial porins, mitochondrial channels or gap
the concentration of a diffusing particle on an interval, withjynctions. In these systems, diffusion models may be used to
boundary conditions specifying that the concentration of theynglyze the transport of larger molecules by means of their
particle at either end is proportional to its concentration ingansient occlusion of ion currert3 An analysis based on
the bulk solutions outside the channel. What is the geometryiffysion equations remains appropriate, as diffusion com-
of the trajectories associated with these boundary conditionsfletely dominates convective flow at reasonable transmem-

How do the trajectories change when the boundary condiprane pressure differences for pore radii of 1 nm or less.
tions are modified? A stochastic theory has not been avail-

able to answer these questicn$his article constructs tra- Il RESULTS

jectories associated with four different boundary conditions

for the Smoluchowski equation, including those used by Let x be the coordinate parallel to the pore axis of a
GHK theory. channel, occupying the interv@D,L] as sketched in Fig.

The results help interpret the application of both GHK 1(A). To construct a theory of single-particle diffusion
theory and the more modern Poisson—Nernst—PlgRdk®  through the channel we first consider a discrete-time,
theory to ion channels. The latter approach simultaneouslgliscrete-state random walk on sitgs=iL/n, i=1---n with
solves the Nernst—Planck equatitthe first integral of the transition probability from site to neighboring sitg **
Smoluchowski equationwith Poisson’s equation for the D 1
electrostatic field. GHK and PNP theories are applied to the =At—exp[—ﬁ[W(xi)—W(x4)] _ (1)
analysis of K permeation through a synthetic ion channel (Ax)? 2 .
by Refs. 3 and 4, respectively. In Ref. 4, the boundary cons
ditions on the Nernst—Planck equation are similar to those o
GHK theory.

The pores of narrow ion channels such as gramicidin
potassium channeltave atomic dimensions and their ion
occupancy states are strongly constrained. The applicabili
of mean-field theories such as GHK or PNP to these syste
has recently been challeng®dThis underlines the signifi-
cance of the single-particléor single-ion diffusion theory Pi(kii—1+Kiit1)=Pi—1Ki—1j+Pisakii1, 2
constructed by Levitf,which is not a mean-field theory. Lev- whereP; is the probability the walker is a¢ . The diffusion
it's theory describes diffusion in a simplified configuration |; it corresponds tm— . The time stepAt is scaledAt
space of the channel system, analogous to rate theories of ian 7/n?, whereA 7 is independent oh. This scaling keeps
permeatiorf. This approach has been generalized to construGiansition probabilities bounded on taking the limitr can
framework models of permeation — stochastic models de,en pe chosen so that the probability of movement never
signed to incorporate the results of molecular dynamicsyceeds one. Assuming the channel has cross-segfitre
relationship between probability and concentration Fis
dElectronic mail: schumaker@wsu.edu =C;AAx. Expand the right-hand side of Efl) in powers

his elegant form is a suggestion of RothD is a diffusion
oefficient andAx=L/n is the interval between the sites,
where a diffusion will be constructed onsk<L. W(X) is a
potential of mean force, which is identical to the Helmholtz
free energy and 3=1/kgT. The random walk satisfies de-
Yailed balance at thermodynamic equilibrium. At any steady
m‘»S[ate, the net probability flux into siieis zero:
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A\ ) t=At/(kgy+Kep). (9)
Rates of transitions into sides | and Il of the channel are
{ \ controlled byx, andx, .
' — Boundary conditions of the Smoluchowski equation cor-
0 L responding to these exponentially distributed dwells are ob-
1= 2= «». > n tained by balancing flux into and out of sites 1 andf the

random walk. This gives
P1(Kig+Kip) = Pokoy+ Pekes, (10

and a similar equation on side Il. Insert definitions for tran-

/ sition probabilities, take the limih—oo, and use Eq(4) to

obtain the boundary conditions:

E C(0)=PeflM1~WOIC, — 4, L(AD) " 1J, (11)
FIG. 1. (A) Sketch of a channel in a biological membrareés the coordi- ~AW(L) 1
nate parallel to the pore axis. The pore occupies the inter#a{8L. (B) C(L)=Pee Cy+xL(AD)"J. (12

State diagram of the random walk used to construct a single-particle diffu- . . .
sion. (C) State diagram for a single-particle diffusion process with exponen- TO_ solve t_he Sm0|UCh0V\_/5k| equation, multlply E(@”)
tial boundary conditions. by an integrating factor and integrate to get

LJh(x)=—DA[C(x)efVX —C(0)efMO)], (13

of 1/n, insert the result into Eg2), recognize finite differ- where
ence approximations for derivatives and take the limit

— to obtain the steady state Smoluchowski equation: h(x)= L—lfxeBW(X’)dxf. (14)
2 d 0
O0=—+ d—XBW’(x)C(x). 3 Setx=L and simplify the right-hand side of EL3) using
dx the boundary conditions to obtain the solufion
For simplicity, A and D have been assumed constant. The _ B, 1
Smoluchowski equation may be integrated once to give the Jod C1,Ci) = (AD/L)Pe(Cre CR™, (15
Nernst—Planck equation R=h(L)+ k€O + x, efWL) (16)
J=_DA &ﬂLBW’(x)C 7 @) The probability of the empty state is obtained from
L
whereJ is probability flux. This is where continuum models Pe=1- jo AC(x)dx, (17)

of ion permeation often begih.
The point of the random walk construction is to obtain where the concentratioG(x) of diffusers in the pore is first

boundary conditions for the Smoluchowski equation thatobtained by substituting EqL1) into Eq.(13). Then Eq(17)

give single-particle diffusion. Introduce the empty stBteo  gives

give the state diagram of Fig(B). Transition probabilities Po—(1+F) ! (19)

to and from the empty state are defined by E '

ke;=At C,ADLLi; Lefl¥i-WO), 5) whereF =Fgq+ Fye and
L
kie=AtDL 2nk; 1, (6) FEq=AC,eB‘I"f e AWMy, (19
0
ken=At C,,ADL ™ 1x; te AWML, ) .
— - v
kne=AtDL 2nk;,*. (8) Fne=AR Y(C,—Ce* ')fo(h(x)
W, is the applied electrical potential on side | of the channel + g €PN e BWGI gy (20)

and the potential on side Il is taken to be zero by convention.
C, andC,, are bulk concentrations of permeant particles onAt equilibrium ¥, is given by the Nernst Ef.and F
side | and side Il of the channel, respectively, andind «, =Fegq-

are dimensionless constants. Dwell times in the empty state The subscript onJ in Eq. (15 emphasizes that this
follow a geometric distribution. Assuming that the system issingle-particle process has exponentially distributed dwell
in the empty state at time=0, the probability that the sys- times in the empty state. We refer to theseeaponential
tem remains in the empty state aftertime steps is (1 boundary conditions. The domain of this diffusion process is
— (kg1 +Kkgp))®. Write the elapsed time in the empty state the state diagram shown in Fig(Q). Figure ZA) shows a
=sAt and take the limih—o, or equivalentlyAt—0. The  simulation of a diffusion process with exponential boundary
geometric distribution converges to an exponential distribuconditions generated by iterating the random walk on the
tion with mean time in the empty state state diagram of Fig.(B).
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Physically, dwell times in the empty state will be distrib- A 15 B1s W e
uted exponentially if the probability of entrance does not % 1‘5’ 12
depend on the time that has elapsed since a particle last eg o 0
ited the channel® This will be a good approximation when 2 73 5
; : <-10 -10
the mean time between entrances is much longer than th‘x—‘ISWMA 15 A M
time scale associated with channel relaxation after a particle 200 400 600 200 400 600
exits, a condition that will be satisfied at sufficiently low C 15 \W D5 W T e
. . . . —~ 10 10
permeant particle concentrations in the bulk solutions. Thez 4 5
complicated dynamics of the particle entrance process theig © 0
determine only the mean time before entrance. Note that th(?_]g _;3 M
exponential distribution refers to entrances associated withx-15 e ah -15MN  a M M

distinct particles. It does not capture the highly correlated fﬂ?f; (psec)“oo 600 ﬁ;‘l (psec;"oo 600
motions of a single particle which may cross an arbitrary

threshold several times in the process of entering a pore. THeG. 2. Diffusing particle trajectories through a channel with various bound-
exponential distribution of distinct arrivals by noninteracting ary conditions. Parameters model Kransport through a synthetic ion chan-
diffusers has been rigorously establisﬁ@d. nel (Ref. 3. The pore lengtt. =34 A; the ordinate shows the pore extended

N id h | subi ind d inal over the interval[—L/2L/2]. The cross sectiolhA=r? with radiusr
ow consider a channel subjectrtoindependent single-  _g 5 & diffusion coefficienD =0.2 A2/ps and capture radius=4 A. For

particle processes of the type described above, each Witdimplicity, w=¥,=0.C,=C, = 1M. Trajectories are simulated on the state
bulk concentration<C,/m and C;, /m. Letting m—o, par-  diagram of Fig. 1(B) usingn=69 sites.(A) Exponential boundary condi-
ticle entrances into the channel are described by a Poissdins. The simulations use =« =A/(27al) giving t =165 ps.(B) Pois-
process. Entrances occur with exponentially distributed waitson boundary conditionst=165 ps. Boundary conditions are simulated

; ; ; Isingm= 40 processes with exponential boundary conditions scaled accord-
mgl t{/r\r;es’ ]E)Uttretg]hardless CF)I t.he ocgupagon stated%f the (;l]al?:]g to the right-hand side of Eq21). (C) Levitt boundary conditions(D)

nel. Ve reter 1o these as Foisson boundary conaiions. ro'@oldman—Hodgkin—Katz boundary conditions simulated usirig40 pro-
Egs.(18)—(20), Pg—1 asC,/m, C;;/m—0. From Eq.(15) cesses with Levitt boundaries.

the flux is then given by

JPOi(CI ,C||): lim mJeXp(C|/m,C||/m) (21) . . .
Mo diffusing molecules from channel§.SetW’ =0 in Eq. (4)
andC,=C;;=0 in Egs.(11) and(12) to obtain
=(AD/L)(C,ef¥1—C,)R™ 1. (22
C(0) = k,LdC/dx, (23

The last expression is also the solution of the Smoluchowski
equation with the boundary conditions obtained by replacing
Pg—1 in Egs.(11) and(12). Nonzero values ok, and k;; corresponding to access resis-

A special case of Poisson boundary conditions is obtance refer to trajectories outside the pore. Molecules that are
tained by extending the domain of the Nernst—Planck equawell separated from the pore do not occlude ion currents.
tion to (—,»), where the intervals {«,—a) and (L  Thus, appropriate values af and «,, must refer to compo-
+a,») correspond to bulk regions on either side of thenents of escaping trajectories in the immediate vicinity of the
membrané.Hemispherical endcaps of radia®n either side  pore.
of the pore mediate a transition to spherical symmetry. As-  To continue the construction of trajectories associated
suming W(x)=%, for x<0 and W(x)=0 for x=L, and  with boundary conditions, consider the single-particle diffu-
performing integrals over the bulk regions assuming spherision process obtained from the random walk construction by
cal symmetry, one obtains the flixn the form of Eqs(15)  using the entry and exit ratds:; =nkg;, Kig=nkig, Kg,
and (16) with Pe=1 and k=, =A/(27al), where we  =nkg, andk/=nk,g instead of those defined by EqS§)—
have assumed that the diffusion coefficients of the permeariB). Instead of the Eqg11) and(12), one obtains the bound-
particle have the same value in the channel and the bulkary conditions
This example illustrates the correspondence of the terms pro- B A1V, —W(0)]
portional tox, and , to the resistance offered by the bulk C(0)=Pee™™ Ci, (29
solution to the current rovy. _ C(L)=Pge AWULIC,, (26)

In general, the denominaté&in Eqgs.(15) and(16) may
be interpreted as the sum of three dimensionless series resighich were originally proposed by Levfttand we refer to
tances. Terms proportional i andx,, correspond to access these as Levitt boundary conditions. The corresponding flux
resistances of the bulk solutions, and the term proportional té
h(L) corresponds to the resistance of the channel. Figure
2(B) shows a simulation of a diffusion process with Poisson
boundary conditions. Terms in the denominator proportional t§ and «;, and

The interpretation ok, and «;, as corresponding to ac- modeling access resistance are not present. The mean time in
cess resistance is interesting in connection with the radiatiothe empty state of the random walk is now
boundary conditions used to compute the spectral density of __
ion conduction noise associated with the escape of larger t=At/(kgy+kgen™, (28)

C(L)=—x, LdC/dx. (24)

JLed C1,C))=ADL™'Pg(Cie”M1—=CHh(L) ™. (27)
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andt—0 asn— o. However,Pg is given by Eqs(18)—(20) tained by scaling the transition probabilities between the
with k,=x;, =0 and remains positive. Figurd@ shows a  pore and empty state with one less powenttian for Levitt
simulation. The empty state is associated with a density opoundaries. Trajectories enter the pore with exponentially
transitions to and from the boundaries of the pore. distributed waiting times at either end of the interval, and the

Finally considerm independent processes with Levitt mean time before entrance at a given end models access
boundary conditions, each with bulk concentratighg'm resistance between that end and a separated bath. GHK and
andC,, /m. Taking the limitm—o obtains the flux Poisson boundary conditions model mean-field diffusions
and should be used only when the assumption of independent
trajectories within a pore is reasonable. Particle transitions
between the interval and the empty state are similar to those
=ADL™Y(Cef"1—C,)h(L) L. (30)  of Levitt and exponential boundaries, respectively, but take
place regardless of occupation number. GHK boundaries are
then appropriate when access resistance is negligible. Pois-
gon boundaries model access resistance and could be used to
incorporate this into one dimensional PNP models.

Brownian dynamics simulations of ion permeation sug-
gest that the mean-field approximation breaks down when
the pore radius is less than a debye lerfgth, condition that

Jenk(Cy,Cy) = lim mJ ¢, (C,;/m,Cy, /m) (29

m— o

Jeuk is the solution of the Nernst—Planck equation with
boundary conditions specifying th&(0) andC(L) are pro-
portional to the bulk concentrations at their respective side
of the channe[Egs.(25) and(26) with Pg—1]. This is the
case of the traditional Goldman—Hodgkin—Katz theory of
ion permeatioh and we refer to these as GHK boundary

conditions. Figure shows an example of particle trajec- ) A
gure @) pie ot p ] holds for most biological ion channels. However, the random

torlels. ﬁs with Lev@t bm;nﬁary condltlonﬁ,zpo: GHK walks used to construct the boundary conditions can them-

n the const.r.uct|on 0 t'e process wit 0|§$on ) ) ?elves be viewed as discrete-time Brownian dynamics simu-
bounda_ry conditions as a.“.m't of processes with exponentiglyiinng on a one dimensional lattice. Rules for interactions
(or Levitt) boundary conditions, each of the latter processeg .nveen random walkers could be included to obtain algo-

is associated with bulk per_r_neant particle concentration§ithms reminescent of one dimensional Brownian dynamics
C,/m andC,, /m. The probability that the pore of a process g jations of ion permeation through gramicidimnd po-

with exponential boundary conditions is not occupied has th?assium channef® The four cases of boundary conditions
form Pg=(1+F/m) 1, whereF is independent ofn. The gr

bability th h hh . described above would correspond to different rules for in-
probabi ity t atmjnuc processes each have an unoccupie oducing or removing walkers at the endmost lattice sites.
pore is (1+F/m)~™. Taking the limitm—o<, we obtain the

N ; ) " ) These endmost sites bear some resemblance to buffer
probablllty that the pore with Poisson boundary conditions IS, 0nes used in three dimensional simulations of ion perme-
not occupied ation through OmpF porifit?? In those zones, Monte Carlo
Qo= lim P(C,/m,C, /m)M=e"F. (31)  moves based on the grand canonical ensemble were used to
m— introduce and remove ions. This treatment assumes that ion
concentrations in the physical system are close to thermody-
namic equilibrium at the location of the buffer zones in the
simulations. This assumption appears to be well justified un-

The probability that the pore with Poisson boundary condi
tions is occupied byl diffusers is

Qq¢= lim ()(1—Pe) P~ 4=(Fd)e . (32 der the conditions of the porin simulations, which achieved
m—e very good agreement with experiment. However, the Grand
Note that Canonical Monte Carlo boundary conditions might underes-
- w timate access resistance in other cases. If the one dimen-
—aF d/q) — sional random walk construction presented above could be
=e Féd!=1. 33
dZO Q dZO 33 generalized to provide boundary conditions for three dimen-

sional regions, the generalization would also provide alterna-
tive rules for introducing and removing ions, directly in-
corporating access resistance, in Brownian dynamics simula-
tions.

At equilibrium, F=Fg, and these expressions agree with
statistical mechanics.
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