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A framework model based on the Smoluchowski equation
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The general form of the Smoluchowski equation in two reaction coordinates is obtained as the
diffusion limit of a random walk on an infinite square grid using transition probabilities that satisfy
detailed balance at thermodynamic equilibrium. The diffusion limit is then used to construct a
generalization of the single-particle model to two reaction coordinates. The state space includes a
square on which diffusion takes place and an isolated empty state. Boundary conditions on opposite
sides of the square correspond to transitions between the empty state and the square. The
two-dimensional(2D) model can be reduced to a 1D single-particle model by adiabatic elimination.

A finite element solution of the 2D boundary value problem is described. The method used to
construct the 2D model can be adapted to state spaces that have been constructed by other authors
to model K" conduction through gramicidin, proton conduction through dioxolane-linked
gramicidin, and chloride conduction through the bacteriaH€I~ antiporter. © 2004 American
Institute of Physics.[DOI: 10.1063/1.1785778

I. INTRODUCTION theory (for example, Ref. 10 and Brownian Dynamic§for
example, Refs. 11 and 1.2

Framework models are relatively simple stochastic mod-  Recently, several potentials of mean force have been cal-
els designed to incorporate information from detailed comyjated as a function of two or three reaction coordinates.
puter simulations of biomolecules and use it to calculaterne pME for K- permeation through gramicidin has been
properties of the biomolecules over much longer time scalesgjculated as a function of the axial coordinatalong the
The one-dimensional single-particle model was developed tBermeation pathway and the radial distanéeom the axist3
model the passage of a single permeant ion through the pofghe PMF for proton permeation through dioxolane-linked
of an ion channet? It requires the specification of a poten- gramicidin dimers has been calculated as a function of the
tial of mean forcew(X) and diffusion coefficienD(X) as a  gxjal z and a backbone coordinate— o’ .14®The PMF for
function of a single reaction coordinaXe The model can be permeation through the bacterial'HCI~ antiportet® has
solved analytically for giverw and D. Useful analytical  peen calculated as a function of the axial coordinates of two
solutions can also be constructed for simple networks ofploride ions in the permeation poreFinally, PMFs for K
coupled one-dimensional state segments and isolated gtateﬁermeation though the KcsA'Kchannel have been calcu-
An application has been made to proton conduction througiyted as a function of the axial coordinates of the three ions
gramicidin®® More recently, a framework model with three in the selectivity filte®
reaction coordinates and incorporating potentials of mean | this paper we first describe the Smoluchowski equa-
force and diffusion coefficients calculated by molecular dy-tion and its representation in dimensionless variables. Then
namics has been constructed for KKonduction through the  the Smoluchowski equation is achieved as the diffusion limit
KesA channef. Brownian dynamics were used to calculate of 5 random walk on an infinite square lattice with transition
conductances, achieving good agreement with experimengopabilities of the form used by Ref. 6. We then construct a
Although these examples pertain to permeation through na%;eneralization of the “single-particle model” with two reac-
row ion channels, we anticipate that the framework modetjon coordinates, giving a configuration space similar to the
approach is more generally applicable to the dynamics ofyo dimensional examples listed above. Despite its name,
highly constrained molecular systems, with only a few im-this model could be straightforwardly modified to include the
portant reaction coordinates. two-ion PMF described in Ref. 17. Finally, we describe how

These framework models are diffusion models. The dif-the two-dimensional model can be solved numerically using
fusion approximation may ultimately be justified by a pro- the finite element method. Following the results of Ref. 19,
jection of high-dimensional Hamiltonian dynamics to a low e suspect that direct numerical solution of the partial dif-
dimensional configuration space of slow variabiésThe  ferential equation will be far more efficient than numerical
projection generally yields a generalized Langevin equationgjmulation of the underlying trajectories.
which simplifies to a classical Langevin equation when there
is a large gap in time scales between the slow variables inl-I THE SMOLUCHOWSKI EQUATION
cluded in the low-dimensional space, and all of the other”
variables. In practice, the diffusion approximation is as-  The Smoluchowski equation describes diffusion under
sumed by many methods, including the classical theory othe influence of a potential. This has the form of an equation
Goldman, Hodgkin, and Katz, Poisson-Nernst-Planck of continuity
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IPlat'=-V".], (1)

where the probability current density is given by the
Nernst-Planck equation

J=—D[V'P+B(V'W)P]. 2)

We are concerned with the case of two spatial variabfes:
andY and timet’. V' is the differential operator with re-
spect to X and Y. P(X,Y,t") is a probability density,
W(X,Y) is a potential, 3=1/(kgT), where kg is Boltz-
mann’s constant, and is absolute temperature. The diffu-
sion matrix D must be symmetric, and positive
semidefinite® For simplicity, we assum® is positive defi-
nite. The solution of the Nernst-Planck equation Jer0 is
proportional to the Boltzmann factor, consistent with statis-
tical mechanics. FIG. 1. Infinite square grid with spacing on which a random walk is

Formulas simplify when expressed in terms of dimen-defined that is used to obtain the Smoluchowski equation in the diffusion
sionless variables. Let= X/LX andy= Y/Ly, whereLX and Iir_nit. A walker at_the central nodeig) can make a trans_ition tq any of_the
L, are length scales characteristic of teand Y coordi- sg;sh): n;ageztngelg;l;osrﬁosxr?wn. Directions corresponding to increasing val-
nates. The dimensionless timetist’/ty, wheret, is a char- P e S '
acteristic time scale. Letp(x,y,t)=LyLyP(X,Y,t"),
w(x,y)=BW(X,Y), and the dimensionless diffusion matrix

s P advantage of disentangling the diffusion coefficient even in

Lx D1 Lx Ly Ds 3 the presence of a rapidly varying potential of mean force. It
Ly'Ly'D;  Ly%D, /)’ © would be very useful to generalize it to two or more reaction
coordinates.

d:to

whereD,, D,, andD; are the respective elements®fThe
elements of the diffusion matrix are definedby

dij(Xo,Yo) = iM(AX;AX;)/(21), (4 1II. DERIVATION OF THE SMOLUCHOWSKI EQUATION
t—0

whereX, =%, %, =7, A% =% (t)—% (0), and &(t) J(t)) is a Consider a discrete-time random walk on the infinite

: A ; id of Fig. 1. A walker at the central nodg) can
trajectory of a diffusion process passing through, /) at sguare grid ot ) .
t=0. (..., denotes an average over all such trajectories. ngealt(r?eagt:%nigggr:g ag&inii Ogr?(;%hi ?ﬁar_?ﬁ; r}‘;g{:gg;ﬂ;et
also writed,;=d;4, d,=d,, andd3z=d;,=d,;. In dimen- g .
sionless variables, the equation of continuity is between the _probablllty. that node. ) is occupiedd,;(t).
and the densitp(x,y,t) is

aplot=—V-j. )
()= 2
The dimensionless probability current density is given by Gij(=P(x.y,0h" @)
j=—d[Vp+(Vw)p], (6)  Theincrease of; ;(t) over one time step is equal the flow of

robability into (,j) from surrounding nodes:
whereV is the differential operator with respect xoandy. P y 1) 9

Several methods have been developed to estimate diffu- _ _ 2
sion coefficients from simulations as a function of one reac- G (tFAD =0, (O = AT+ To+ Tat To). ®
tion coordinate.(Ax(t)?) has been calculated from unre-
strained molecular dynamics trajectorfésThe diffusion
coefficient was estimated from the slope of the second m
ment as a function of. T%?tez:geffect of a biasing potential can
be taken into accou by studying the slope of 27 (. o o o
([x(t)—{x(t))]%). This approach assumes a uniform drift, A2 =011 (OKG 20 T i-1i (VK- 1)~
but trajectory segments can be taken from a localized region =0 (OLKi =i+ T Kip—i-1pls 9
of space to estimate a local diffusion coefficient. It appears
straightforward to generalize these methods to calculate the  Ath?T,=q; ;1 1(O)Kgi 1))y dij—1(DKi - 1))
elements ofd defined by Eq(4). Another method involves
confining a trajectory to a neighborhood of a given point in — 0, (Ol -+t Kip-@i-nl (20
the state space by introducing a Hook’s law potential. The
diffusion coefficient can then be deconvoluted from the re-  Ath*Ts=di; 1)+ 1(DKG 115+ 1)-ij)
strained trajectories though an analysis of a generalized _
Langevin equatiof?*?>This method assumes the validity of T Oi-1-1(0KG- 11— TG (Y
the generalized Langevin equatithbut has the important X[Kip—i+j+0TKip—i-1j-1) (11

We use the diffusive scalingt=Arh?, whereAr may be
chosen so that transition probabilities never exceed one.
%Terms on the right-hand side of E() are
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Ath2T4:qi+lj—1(t)k(i+1j—1)—>(i 0 ing the continuity ofd,, d,, andds), Ad can be adjusted so
that the transition probabilities are all positive as long as the

01+ 2 (DK -1+ 1))~ i (D) following diagonal dominance criterion is satisfied at each
X[Ka jy—(i+1i-1FTKip—a-1j+ 1l (12 Point (x,y):

Transition probabilities are given by the following dy,dp>|dg. (31

formulas®®>®?"which are consistent with the Boltzmann fac- This may be compared with the requirement tidie posi-

tor under detailed balance: tive definite

K(i ) (i +1)= Atd(1,0 h~ 2glWOy) Wit h iz, (13 d,>0, (329

Kii i) (i—1j)= Atd(—1,00h~ 2elWxy) ~wix=hy)li2, (14  and

— _ 2
Kiijy(ij+ 1= Atd(0,Dh 2g[wixy) ~wixy+ )2 (15) d,d,>d3. (32b
Ky —1y= Atd(0,~ 1)h—2elWixy) —wixy-h)iz (16) Diagonal dominance guarantees positive definiteness, but the

converse is not true. Adjustment of the diffusion factors us-
k(i,j)H(Hl,jH):Atd(1,1)h_2e[‘”(x’y)_w(x+h'y”‘)]’z, (17) ing Ad does not give a representation of every diffusion
matrix in terms of a random walk, but a larger set of diffu-

Kiip)—G-1j-1=Atd(—1,— Hh=? sions can be represented than would be cas@tb+0. In
x WDxY) ~wx=hy=h)i2, (18) future work, this will allow us to make contact with methods
based on trajectories, i.e., Brownian dynamics.
Ky (i +1j—1)= Atd(1,— 1)~ 2glwixy) —wix+hy=hl2 = (1 9) Conservation of probability gives E@8). Dividing this

by Ath? obtains

K o114 19=Atd(—1,1)h~2elWn) —wix=hy+mli2 (o0
D=0=1D [Py, t+ A — POy, D]/ At=T,+To+ To+T4. (33

The transition probabilit ; 1 j)_.(ij) can be obtained from . ) o o
Eq. (14) with the replacements—i+1, x—x+h, and This form leads to the Smoluchowski equation in the limit

d(—1,0)~d(1,0): other cases are similar. The exponentiall—0- Expand the expression fd, Eq.(9), by substituting

factors will be expanded in Taylor series. For example from Egs.(13) and (14) (replacingi—i+1 ori—i—1 as
necessaryand then expanding the exponentials. This gives
elWo =wWOHhIIZ= 1 —w,(x,y)h/2+ €1(X,y)h?

T,=p(x+h,y,t)d(1,0h~ [ 1+ w,(x+h,y)h/2
+0(3), (21) ,
+e1(x+h,y)h“+0O(3)]+p(x—h,y,t)d(—1,0)
Xh™2[1—w(x—h,y)h/2+ e;(x—h,y)h?+ O(3)]
—p(x,y,H){d(1,0h~2[1—wy(X,y)h/2+ €1(x,y)h?

where
€1(X,Y) = = Wyy(X,Y) 4+ Wy (X,y)?/8, (22

and the symboD(n) refers to terms of orden™ or higher.

The diffusion factors ar@l(Ai,Aj), where Ai,Aj) is the +0(3)]+d(-1,0h [ 1+wy(x,y)h/2
d!splacement from the central nodgj(. These factors are +e,(x,y)h2+0(3)]}. (34)
given by

A. The diffusive component
d(1,0=[d(x,y) +dy(x+h,y)]/2—Ad, (23)

We first analyze the diffusive component of the expres-
d(—1,00=[d4(x,y)+ds(x—h,y)]/2—Ad, (24)  sion for T, given above. The result will then be used to
deduce the form of the diffusive componentsTef, T5, and

d(0,)=[dx(x,y) +dz(x,y+h)]/2—Ad, (29 T, from Eq.(33). Let T;(m) denote the component iy, of
d(0,— 1) =[d,(x,y) + do(x,y—h)]/2— Ad, (26) orderh™. From Eq.(34)
d(1,1)=[da(x,y) +dy(x-+h,y+h) 4+ Ad/2, (27) Ti(=2)=d(1.0h™*[p(x+hy,) =p(xy.1)]

+d(=1,0h™ [ p(x—h,y,t) = p(x,y,t)].
(39
Expandd(1,0) andd(—1,0), using Eqs(23) and(24), and
d(—1,)=—[ds(x,y) +ds(x—h,y+h)]/4+Ad/2. (30 rearrange terms to obtain

Equations(23)—(26) are similar in form to the average dif- T1(—2)=[d1(x,y)/2=Ad]h"?[p(x+h,y,1)

d(—1,—1)=[ds(x,y)+ds(x—h,y—h)]/4+Ad/2, (29
d(1,—1)=—[ds(x,y)+ds(x+h,y—h)]/4+Ad/2, (29

fusipn coeff_icients given by Ref. 6, but Withd”subtrac.te.d. +p(x—h,y,t)—2p(x,y,H)]+[dy(x+h,y)/2]
While the diagonal elements; andd, of a positive definite
diffusion matrix are positive, the cross diffusiol may be Xh™2[p(x+h,y,t)—p(x,y,t) ]+ [di(x—h,y)/2]

negative. The value of the parameted will not change the 2 _ _
Smoluchowski equation derived below from the diffusion Xh = p(x=hy, ) =p(xy,0)]. (36)
limit of the random walk. However, for sonte>0 (assum- In the diffusion limit obtain
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lim T1(—2)=(d1/2—Ad)pyxt dq xPx+ d1pyd2 T1(—1)=[d1(x,y)/2—Ad](2h) ~[w,(x+h,y)
h—0
Xp(x+h,y,t) —w,(x—h,y)p(x—h,y,t)]

=[(d;=Ad)pyy- (37) .
+(4h) " [dy(x+h,y)w,(x+h,y)

By symmetry, the corresponding result fo5(—2) is
X p(x+h,y,t)=d;(x=h,y)w,(x—h,y)

Iim Tyo(—=2)=[(d,—Ad)py]y, (38
ho s X p(x—h,y,0]+ (4h) "W, (X,y)p(x,y,1)
where a subscript or y denotes partial differentiation and X[dy(x+h,y)—=di(x—h,y)]. (48)

dl,)(: (&lﬁx)dl .

o Let h—0 and rearrange to obtain
A very similar argument by symmetry can be made to

obtain expressions fof;(—2) andT,(—2). Consider the lim T1(—21)=(dywyp)x— Ad(Wyp)y

variables¢ and » illustrated in Fig. 1 h—0
E=(x+Yy)/2, (39 =[(d;— Ad)wyply-. (49
7= (X=y)/2. (40) The corresponding result far,(—1) is

If f(x,y) is a differentiable function, the chain rule gives J]ITO To(= D) =[(dz=Ad)wyp]y. (50)
fe=ft 1y, (41 By analogy with the previous results, and taking into account

the forms ofd(1,1),d(—1,—1), d(1,—1), andd(—1,1):

f,=f—fy, (42

where £ or n as subscripts denote partial differentiation. h—0
Then by analogy with the previous results, but taking into

account the forms ofi(1,1), d(—1,—1), d(1,—1), and lim Ty(—1)=[(—ds/2+Ad/2)w,p],. (52)
d(—1,1), Eqs.(27)~(30): h=0
. B Using the transformation formulas for derivatives with re-
rl]|in0 Ta(=2)=[(dg/2+Ad/2)p]¢, (43) spect to£ and 7, Egs.(41) and (42), obtain

lim T4(—2)=[(—da/2+Ad/2)p (44) tI1iLnO[T3( —1)+Ty(—1)]

h—0

PR

. . . =Ad + +[(d +(d . (53
These formulas can also be obtained by a direct analysis of (W)t (WyP)y ]+ [(dsWp)y + (dgWyp)]- (59)
T andT, which is similar to, but more tedious than, that for Combining the results of Eq$49), (48), and(53)

T,. Using Egs.(41) and(42), we obtain N [Ty(— 1)+ ol — 1)+ Ta(— 1)+ Ta(—1)]

lim T3(_2)+T4(_2):Ad(pxx+ pyy)+2d3pxy h-0
n-0 =V .-[d(Vw)p]. (54)

T gy + dayPx 49 The right-hand side is the drift component of the Smolu-
Combining the results of Eq$37), (38), and (45) there fi-  chowski equation, Eqg¢5) and (6).
nally obtains
IM[T(—2)+T,(—=2)+Ta(—2)+T4(—2)]=V-(dVp).
hﬂo[ 172+ To(=2)+To(=2)+ T(=2)]=V-(dVp) IV. CONSTRUCTION OF THE 2D SINGLE-PARTICLE
(46) MODEL

The right-hand side is the diffusive component of the Smolu-  This section constructs a model for single-particle diffu-
chowski equation, Eq€5) and(6). sion through a pore with two reaction coordinates which gen-
eralizes the single-particle model in one reaction
coordinate*? A state diagram of the random walk used to

The drift component ofl; corresponds to th©(—1) construct the two-dimension&D) model is shown in Fig.
terms. From Eq(34) 2(a). The random walk takes place on ai n square lattice

_ with grid spacingh=1/n. The state diagram of the 2D model

Ti(=1)=d(1,0h™ {wy(x+h,y)p(x+h,y,1) obtained in the diffusion limin—oo is shown in Fig. 2b).

B. The drift component

+ Wy (X,Y)p(X,y,1)]/2—d(—1,0h "1 This diagram consists of the unit square, parametrized by
andy, and an additional state, which represents the empty

X[wy(X=h,y)p(x=h,y,t) pore.

W (X, y) POy, 1) 1/2. (47) In the interior of the lattice in Fig. (@), define the ran-

dom walk with the same transition probabilities as used to
Expandd(1,0) andd(—1,0) and rearrange terms to get derive the Smoluchowski equation on the infinite square grid
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top The Smoluchowski equation obtained in the preceding sec-
side | side Il tion came from conservation of probability, rewritten as Eq.

y (33). However, in the present case this will not lead to a
I X finite limit as h—0, since some of the terms required to

construct second differences are missing. Instead, multiply
Eq. (33 by h. In the limit h—0, the left-hand side goes to
zero and we will obtain the boundary condition from the
limit of h(T;+T,+T3+T,).
) E The definition ofT; has not been changed, and E49)
* shows that its limit is finite. As a result

bottom

FIG. 2. (a) Random walk used to construct the 2D single-particle model. .

The walk takes place on amxn square lattice. Transitions can be made lim thzo_ (58

between grid points in columns 1 amdand the empty state Eb) State h—0

diagram of the 2D single-particle model, obtained as the diffusion limit of . .

the random walk. The Smoluchowski equation describes the diffusion proJO Obtain an expression fdrT, from Eq. (55 that may be

cess on the square domain. Transitions can be made between sides | andalhalyzed in the limith—0, put x=ih andy=jh=1 and

and the empty state. expresgy; ;(t) in terms of the densitp(x,y,t). Replace the
transition probabilities with their definitions and then expand

in Sec. IIl. This section defines transition probabilities on thelh€ €xponentials giving

boundaries of the square, and then takes the diffusion limit tq, 1+ _ d(0,— 1){[p(x,1—h,t)— p(x,11)]/h—wy(x,1— h)
obtain a boundary value problem. 2 ’ o Y v
X p(x,1—h,t)/2—wy(x,1)p(x,1t)/2+ O(1)}. (59

A. Reflecting boundari .
eliecting bouncaries Expandd(0,—1) and leth—0 to obtain

Figure 3 shows a closeup of the top boundary of the
square lattice in Fig. @), centered on a grid poini,f) in 1M hT,=—[dx(x,1) = Ad][py(X,1t) + wy(x,1)p(x,11)].
the top boundary row. Transitions can be made between h-0 60
this point and its five nearest neighbors with the same tran- (60)
sition probabilities as used in the interior of the lattice. TheBy analogy with this result, taking into account the forms of
rate of increase aofj; , must equal the flow of the probability d(—1,—1) andd(1,—1), and also taking into account that
into (i,n) from surrounding nodes, giving E¢8) with | T, orders terms in the opposite sense with respect torthe
=n. Ath?T, is still given by Eq.(9), with j=n, but the axis asT, and T5 do with respect to thg and & axes, we

following new definitions are obtained: have
AchTzzqi,nfl(t)k(i,nfl)ﬂ(i,n)_qi,n(t)k(i,n)ﬂ(i,nfl()S!S) r|1im0 hTa= —[d3(x,1)/2+ Ad/2][pg(x,1})
Ath?Ta=0i— 15— 1(D K- 10-1) (i) +We(X,1)p(x,11)], (61)
=4Ok~ (-10-2) (56) lim hT,=[—ds(x,1)/2+ Adi2][p,(x,11)
Ath?T =04 10— 1(DKG+ 10— 1) - (in) h=0
— (DK 10 1)- (57) +w,(X,)p(x,11)]. (62

Combining the results of Eq§58), (60), (61), and(62) gives

. o m . lim h(Ty+To+ Ta+ T =j(x,10) &, (63)
h—0
/ \ wherej is given by Eq.(6) andg, is the unit vector in they
° ° . ° direction. Multiplying both sides of Eq33) by h and letting
h— 0, finally obtains the boundary condition
j-=0, (64)
. . ° °

[ J

¢ wherej=j(x,1t) on the top boundary of the unit square in
y Fig. 2(b). Treatment of the bottom boundary is similar, and
Eq. (64) is obtained forj=j(x,01).
X

B. Entrance and exit on sides | and Il

FIG. 3. Closeup of a portion of the square lattice used to construct the 2D Figure 4 shows a closeup of the left-hand boundary of

single-particle model, centered on the nodam). The walker can make a - ; ; ;
transition to and from any of the five nearest neighbors. Those transitionthe square domain in Flg.(ﬁ, which we call side 1. The

are governed by the same transition probabilities as would apply to thjigure is Centereq on grid point qu Tr-ansitions can be
corresponding transitions to and from an interior node. made between this point and one of its five nearest neighbors
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FIG. 4. Closeup of a portion of the square lattice centered on nogg (1,
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By analogy with the formula fohT,;, and taking into ac-
count the forms ofi(—1,—1) andd(1,—1), we have

lim hTs=[ds(0y)/2+Ad/2]

h—0

><[pg(oiyvt)+W§(Ory)p(0!y!t)]l (74)
lim hT,=[—d3(0y)/2+ Ad/2][p,(0y.1)
h—0

+w,(0y)p(0y,t)]. (75

In order that the flow of probability between the unit
square of Fig. &) and the empty state be finite and nonzero,
we require limhTg to be finite and nonzero. From the last

The walker can make a transition to and from the any of the five nearesEXPression of Eq69), noting that limge and limp will also

neighbors on the lattice and, in addition, the empty sEatd@ransitions to

be finite and nonzero

and from the lattice neighbors are governed by the same transition probabili-

ties as would apply to corresponding transitions to and from an interior

kEﬂ(l,j)ocAthv (76)

node. Transition probabilities to and from the empty state are given by Egs.

(80) and(81).

in the square domain and also to and from the empty &ate

The rate of increase af, j(t) must equal the flow of prob-
ability into (1,j) from surrounding nodes, giving

quj(t"‘At) - quj(t) - Athz(T1+T2+T3+T4+T5),
(65)

where Ath?T, is given by Eq.(10), with i=1, but the fol-
lowing new definitions are obtained:

Ath?T;= A2 (OK2j)— 1)~ A1 (DK@ j)—2)) »

Ath?*T3=0p;+1(VKe2j+ 1) 1)y~ g1 (DK - (2 H)(,67)

(66)

Ath?T,=0z;-1(DKe2 1) (1)~ A1 (DKL) (2] _1)(68)

AchTSZqE(t)kEﬂ(l,j)_ql,i(t)k(lyJ)HE’
=Qe(t)ke_(1)— P(h,y,t)h%k(1j) .
Rewrite Eq.(65) as

(69

[p(h,y,t+At)—p(h,y,t) [N/ At=h(T1+ T+ T3+ T4+ Ts),
(70

and consider the terntsT; in the limit h— 0.

k(l’j)A)EocAthil. (77)

At thermodynamic equilibrium, the probability of nodkg j()
in Fig. 2(a) is proportional to the Boltzmann factor

g j=0oe O (78)
for goch?. Then detailed balance gives
Ke .1y /K jy—exh?e "0, (79)

A similar requirement holds on side II.

The following formulas for entrance and exit transition
probabilities satisfy these requirements and are analogous to
the formulas for entrance and exit rates of the single-particle
model in one reaction coordinaté Let ¢, = ¥, denote the
dimensionless applied potential on side I, where the applied
potential on side Il is zero by convention.

ke .1jy=Athk ey, (80)
Kirj)g=Ath™ etV =i, (81)
ke . (njy=Athk; 'y, (82
Kn.jyoe=Ath™ 1 TeV@y), (83

Compared with the 1D model described in the references,
factors dependent on the potentialsand ¢, are moved to
the exit transition probabilities, a convention which seems to

Substituting the definitions of the transition probabilities P& appropriate for modeling proton entrance into and exit
into Eq.(66) and then expanding the exponentials, we obtairf™oM gramicidinc® In general, the division of potential fac-

hT,=h"1d(1,0{p(2h,y,t)[ 1+ W, (2h,y)h/2+ O(2)]

—p(h,y,t)[1—w,(h,y)h/2+0(2)]}. (7D
Let h—0 to give
r:iTO hT;=[d;(0y)—Ad][px(0y,t) +wy(0y)p(0y,t)].
(72

Since we have the full, symmetrical, expression Tor,
which has a finite limit a®— 0, Eq. (50), it follows that

lim hT,=0. (73
h—0

tors between entrance and exit transition probabilities is
model dependent and should, ideally, be determined by mo-
lecular dynamics or similar detailed molecular simulations.
The analogy with the formulas for the 1D single-particle
model is closest with the definitionsg=ALCg, for R
e{l,ll}, andt,=L?/D. Parameters used in the 1D model
are A, the pore cross sectidn, the pore lengttD, the ef-
fective diffusion coefficient associated with entrance and
exit, andCg, the concentration of permeant ion on side
x, and k;, control the distribution of waiting times in the
empty state; see Sec. VB below.

Inserting the definitions, Eq$30) and(81) into Eq.(69),
we obtain
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lim hTs=qe(t)x; tc;—p(0y,t)«, 1N ¥,
h—0

Combining the results of Eq$72)—(75) and limh Ty from
Eq. (84), we obtain

lIm h(T{+Ty+T3+T,+Ts)
h—0

=d1(0,y)[ px(0y,t) +w,(0y)p(0y,t)]
+ d3(0,y)[py(0,y,t) +Wy(01y)p(0!y!t)]
+ae(t)c kP p(0y,t) K, teV O~

(84

(89

M. F. Schumaker and D. S. Watkins

Inserting the Boltzmann form into E¢91) and solving for
po gives

Po=0eC,e’. (94)

Insert the Boltzmann form into the normalization condition,
Eq. (88), and then use Eq94) to substitute fop,. Solve for

ge to get
11 -1
1+C||j f e_W(X’y)dXdy) y
0JO

generalizing a result for the 1D single-particle motiahd
consistent with the results of a statistical mechanical study of

Qge= (995

Let h—0 in Eq. (70) to obtain the boundary condition on single-particle channefé.

side I. A similar analysis yields the boundary condition on

side Il. These are
P(0y, ) N~ Vi=qe(t)c,— Kj(0y,1)- &,
pP(Ly, eI =qe(t)c, +kyj(Ly,t)-&,.

(86)
87

B. Waiting times in the empty state

Let f(t,ty) be the probability that the empty state is oc-

To summarize, the single-particle model solves theCupied cqntinu_ously until time, given that it was occupied
Smoluchowski equation on the unit square shown in Figat & previous time,. Then
2(b). The Smoluchowski equation combines the equation of n

continuity, Eq.(5), and the Nernst-Planck equation, E6).

The boundary condition on the top and bottom of the unit
square is Eq(64), corresponding to reflection of trajectories.

f(t+Atte) —f(ttg)=— f(tato)gl (Ke—(1jy T Ke—(njy)
(96)

The boundary conditions on sides | and Il are given by Eqswhere the transition probabilities are given by E@f) and
(86) and (87). Figure 2Zb) is a representation of the state (82). Divide by At and letAt—0 to give

space. Since the system must be in some state, these equa-

tions must be combined with the normalization criterion

111
qE(t)JrfO fo p(x,y,t)dxdy=1. (89

(alat)f(t,tg)=—(ck; *+cy ik, HE(ttg), (97)
with the solution
f(t,to)Zef(c|’<|71+c”"ﬁl)(tfto)_ ©8

Normalization makes the boundary conditions on sides | and'he 1D single-particle model also has an exponential distri-

Il nonlocal?®*° since they refer to a quantityz which de-
pends on the integral gf over the unit square.

V. PROPERTIES OF THE 2D SINGLE-PARTICLE
MODEL

A. Thermodynamic equilibrium

At thermodynamic equilibrium, the probability density
on the unit square in Fig.(B) is independent of time and

satisfies the Boltzmann distribution

P(x,y)=poe” Y, (89)
the continuous analog of Eq78). Inserting this into the
Nernst Planck equation, E¢), gives the condition for de-
tailed balance

j(x,y)=0. (90)
The boundary conditions on sides | and II, E¢86) and
(87), become

p(0y)e¥ N~ ¥i=qec, (91

p(ly)e" ™ =qgecy, . (92

Substituting the form of the Boltzmann distribution fpr
dividing Eq.(92) by Eq.(91), and then solving for, obtains
the Nernst equation

=In(cy /c)). (93

bution of waiting times in the empty state.

C. Exact reduction to the 1D single-particle model

An exact reduction of the 2D single-particle model to a
1D model proved useful for checking the algorithm for the
numerical solution described in Sec. VI. Suppose that the
cross diffusiond;=0 and thad,, d, andw are independent
of y. Consider an initial value problem for the 2D single-
particle model with initial conditiorp(x,y,0) independent of
y. Then there are no terms in the Smoluchowski equation,
Egs. (5) and (6), the boundary conditions, Eq&4), (86),
and (87), or the normalization condition, Eq88), which
would break the initial homogeneity . Introduce the re-
duced probability density and current

o 1
p(x,t)= fo p(x,y,t)dy, (99

1
ﬂx,t)=fojl(x,y,t)dy. (100

Integrate the first component of E@) with respect toy and
note thatj,= 0. Substitute the result into E¢) to obtain a
Smoluchowski equation for the reduced density,

E:[dl(@JFV_Vxﬁ)]x. (101
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ﬂhere subscriptx and t denote partial derivatives gnd kE_>1=AthlC| ' (110
w(x)=w(X,y). Integrate Eqs(86) and(87) overy to obtain .
boundary conditions for the reduced problem on sides | Ke_.n=Atk; "¢y . (111
and i The exit rates for the reduced model are obtained by averag-

H(O,t)ew(o)“”'=qE(t)c,—:qﬂO,t), (1020  ing over the equilibrium distribution of the fast variable.

_ Using

p(Le"M=qe(t)cy +xJ(11). (103
Integrating over the normalization condition, Eg8), fo e"¥)py(x,y)dy=e"™ (112

qe(t)+ flﬁ(x,t)dx:l. (104  to compute the average of the exit rates given by E8®.

0 and (83), we obtain
Equations(101)—(104) give a time-dependent single-particle leE=Ath‘1K,‘leV"(h)‘¢', (113
model. B
Kn_g=Ath™ 1k, te"®, (114
The random walk also requires specification of transition

D. Reduction to 1D by adiabatic elimination probabilities in the interior of the occupied segnfént

The 2D single-particle model may also be used to illus-  k; ;. ;= Atd;h~2e[WX)-W(xh)i2 (115
trate the elimination of a fast variable to obtain an effective 2 [0 — T2
1D model. This is known as adiabatic elimination and under- ~ Ki—i-1=Atd;h~“e ' (118

lies the projection that sometimes allows processes involvingshere x=ih. The Smoluchowski equatiofEq. (106)] and
many degrees of freedom to be usefully described in terms ahe following single-particle boundary conditions may then

a few reaction coordinates. Assume the cross diffuslgn pe obtained from the diffusion limit of the random walk:
=0. The Smoluchowski equation, Eq$) and(6), can then _ F(0)— by _ = _
be written in the form p(Ot)e I=Te(t)c,— xJ(0), (117

Pr=[d1(pxtWxp) Ix+ {[da(py+Wyp) ]y, (109 BLHE" D =Te(t)cy+ xy T (L) (118

where we have made the replacemdpt-Zd,. Assuming These have the same form as E()2 and (103. A nor-
thatd, andd, are constant, the results of Refs. 20 and 32malization condition of the form of Eq104), but involving
apply directly. In the limit/—o, the probability density in Te andP, also applies. For a case at steady state, numerical
the slow variablex satisfies a Smoluchowski equation in one integration confirms that the 2D probability density of Eq.

spatial variable with an averaged potenfial (105), averaged ovey, convergessgo the density of the re-
~ e duced model of Eq(106) as{— .
Bi=[ (Pt T,P) Ix. (10 f
where
1 VI. NUMERICAL SOLUTION OF THE
va(x)zj W, (X,Y)Po(X,y)dy (107  TIME-INDEPENDENT BOUNDARY VALUE PROBLEM
0

The Smoluchowski equation combines the equation of
continuity, Eq.(5), and the Nernst-Planck equation, Ef).
The corresponding time-independent equation is

1
po(x,y)=ew(x'y)/ f e Y dy’, (108 V-[d(Vp+(Vw)p)]=0. (119
0
. ) o ~_ Thisis solved on the unit square in Figh2 The boundary
—W, is the mean force acting on the pamcle in the d'reC_t'P”condition on the top and bottom is E@4), corresponding to
of the slow variable, formed by averaging over the equilib-reflection of trajectories. The boundary conditions on sides |
rium distribution of the fast variable. In this sense, the resultyng || are given by Eq€(86) and (87). The probability den-

and p, is the equilibrium probability density iy, with x
regarded as a parameter,

is a mean field theory. The potential can be written sity p, empty state probabilitge, and currenj are all as-
1 sumed to be independent of time. The probability density and
W(x)= —In( fo eW(X'y)dY)- (109  current are coupled by the time-independent version of the

normalization condition given by Eq88). Normalization

Appropriate boundary conditions for the reduced 1Dmakes the boundary conditions on sides | and Il nonlocal,
single-particle model may be obtained from the diffusionsince they refer to a quantityz, which depends on the
limit of the random walk whose state diagram is depicted byintegral ofp over the unit square.
Fig. 1 of Ref. 2. To specify the entrance rates for the reduced The boundary value problem was solved using the finite
model, note that the distribution of 2D model entrances fromelement method***An advantage of this popular method is
the empty state is independent{fThe total rate of entrance its natural handling of the boundary conditions. Beginning
into side | or Il from the empty state is obtained by summingwith Eq. (119, we multiply by an arbitrary test function
Egs.(80) and(82) overj, obtaining —u(x,y) and integrate over the region to obtain
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11 time-independent version of E¢B7). Expandingj(lyy) - &,
_fo fo uv.-[d(Vp+(Vw)p)]dxdy=0. (120 using Eq.(6) and rearranging terms, we can rewrite the
boundary condition as
Applying Green’s first identity to the first term in this inte-

gral, we obtain —[d1(1y)px(Ly) +d3(Ly)py(1y)]
11 =[dy(Ly)w,(1y)+ds(1y)wy(1y)
—J'u(de).nds+f f Vu-(dVp)—uVv
B 0 Jo + Ky "N p(Ly) — ¢y k; G - (123
-[d(Vw)p]dxdy=0, (121)  Substituting Eq(123 into Eq.(122), we find that the right-

where B is the boundary of the unit square, andis an  nand side of Eq(122) can be replaced by
outward unit normal to the boundary. The integral over the (1

boundary is broken into four pieces corresponding to the four] [di(1y)wy(1y)+ds(1y)wy(1y)

sides. Then the integral for each side is modified in accor-

dance with the boundary condition for that side. For ex- _1_w(y) !

ample, the integral on the right-hand boundésigde 11) is +r € p(Ly)u(Ly)dy—cy &y, QEJO u(ly)dy.
1

- | Cury)@veray)-eay (124

Making similar replacements in the left, top, and bottom por-

1 tions of the boundary integral, we find that E4.21) is
== J;) U(l,y)[dl(l,y) px(lvy) +d3(1vY) py(l,y)]d)’- equi\/a|ent to
(122 a(p,u)=gelL(u), (129

The boundary condition for the right sidside Il) is the  where

a(p,u)=J’OIJOqu'(de)—uV-(pdVW)dxdy+ fol[dg(x,l)wx(x,l)+dz(x,l)wy(x,l)]p(x,l)u(x,l)dx
1 1
- fo [d3(x,0)wx(x,0) +da(x,0)wy(X,0) Jp(x,0)u(x,0)dXx+ fo [d1(1y)wy(1y)+da(Ly)wy(1y)

1
+ ke ]p(Ly)u(ly)dy— fo [d1(0,y)Wy(0y)+d3(0y)wy(0y) — k; &N ]p(0y)u(0y)dy

and In a normal finite element analysis, the solution of Eq.
(127) yields p, by substituting theg; values into Eq(126).
1 1 [t However, we have the complication of not knowigg. We
-1 1 ’

L(u)=ck, f u(0y)dy+cy «y, fo u(ly)dy. therefore solve the related system

In the finite-element approximation, the functignis ~ )
assumed to be a linear combination of a finite set of piece- 121 Cia(gj,d)=L(¢i), i=1...n, (128
wise polynomial basis functiong,,...,¢,:

in which gg is replaced by 1. Letting

n
PXY)=2, € y(xy). (126 "
POXY)=2, &y(xy),
We used piecewise bilinear “tent” functiori§:>® Substitut-

ing this form into Eq.(125, and using the basis functions e have
also as test functions, we obtain the system tifiear equa-

tions P(X,Y) = GeP(X,Y). (129
- . Let
Z ¢], qEL(¢i), i=1,...n, (127)
B 11
1= | | B(x,y)dxdy. 130
which can be solved fot,,....c,. P fo fo POxy)dxdy (130
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the state space representing the pore, FHb), 2nay not be

an important limitation since an effective state space with
ragged boundaries can be defined between high potential
walls. We anticipate that the methods we have used to con-
struct framework models with two reaction coordinates on a
square lattice can be generalized to construct models with
three reaction coordinates on a cubic lattice. These methods
could then be applied to recent models of conduction through
the selectivity filter of the KcsA potassium chanfiéf.

For large problems, the most time consuming step of the
finite element method for solving the framework model is the
solution of the linear system of E¢128). Using the sparse
data structure and the direct method of solving linear systems
provided inMATLAB (Ref. 36 on a modern desktop com-
puter(1.7 GHz Pentium IV, we have solved a linear system

y 0o ' X with n=27000 unknowns and a half bandwidth of about
900. The solution took 80 s and required 400 MB of
F|G. 5. The densityp(x,y) from the num(_erical_ solution of the time- memory. For very |arge prob'ems’ iterative methods are more
independent boundary value problem described in Sec. V1. efficient®” Using MATLAB’s implementation of the iterative
method BICGSTAB with no preconditioner, we have solved
Substituting this into the time-independent version of thea linear system witm= 125000 unknowns and a half band-
normalization condition Eq(88), using Eq.(129), we find  width of about 2500. The solution took 55 s and required 25

thatge(1+15)=1, so that MB of memory. These solutions were computed to approxi-
mately ten digits accuracy.
Qe=1/(1+1p). (131
Substituting this value ofgg into Eq. (129, we obtain  1p. McGill and M. F. Schumaker, Biophys. 21, 1723(1996.
p(x,y). 2M. F. Schumaker, J. Chem. PhykL7, 2469(2002.

3E. J. Mapes and M. F. Schumak@mnpublishes
4M. F. Schumaker, R. Porseand B. Roux, Biophys. J9, 2840(2000.
5 . .
w(x,y)=Db[f(r)—1]+ ¢ (1—x), (132 °M. F. Schumalker, R. Pofsgand B. Rou, Biophys. &0, 12 (2003.
S. Bernehe and B. Roux, Proc. Natl. Acad. Sci. U.SI0, 8644(2003.
with f(r)=r?/(a?+r?) andr?=(x—0.5+(y—0.5)7. Pa- B. J. Berne and R. PecorBynamic Light ScatteringWiley, New York,

rameter values wera=0.2, b=4, andy,=4. The elements 8é9726ucxh{¥)'Alnle'n S. Berighe, and W, Im, Q. Rev. Biophy&7, 15
of the diffusion matrix wered,(x,y)=2[2—1f(r)], d,(X,y) (2'004). n T ' T + PIOPIYSEL,
=2—1(r), and d3(x,y)=[2—1(r)]/2. The numerically  °B. Hille, lonic Channels of Excitable Membraned ed.(Sinauer, Sun-
computed steady probability density on the unit square is derland, Massachusetss, 1992

; ; T D. Chen, J. Lear, and B. Eisenberg, Biophys72.97 (1997.
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An example was constructed using the potential
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